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1 Introduction 



At future experiments at the LHC or at a linear e+e^ collider, supersymmetric ex- 
tensions of the standard model can be tested decisively [|l]]. On the theoretical side, 
exploiting the potential of these experiments requires a thorough control of the quan- 
tization and the renormalization of supersymmetric models. One important charac- 
teristic of supersymmetric extensions of the standard model is the appearance of so- 
called soft supersymmetry -breaking terms [0] . Models with soft-breaking terms have 
been renormalized using the Wess-Zumino gauge in ref. [|3|]. The construction in 
yields a result with an inherent ambiguity. There appear new kinds of parameters that 
have no interpretation as either supersymmetric or soft-breaking parameters. Hence, 
it is unclear whether these extra parameters constitute a new kind of free, in principle 
measurable, input parameters, and how the results would influence the relation to phe- 
nomenology. This effect can be understood as a consequence of the construction using 
a BRS doublet for introducing the soft breaking. 

In the present article, an alternative approach to the renormalization of softly bro- 
ken supersymmetric gauge theories is presented using the spurion fields introduced 
originally in [^. Since the spurion fields are supermultiplets by themselves, soft break- 
ings of supersymmetry are distinguished from soft breakings of gauge invariance and 
other non-standard breakings (see e.g. [Q]). Since the spurion fields are dimensionless, 
they can appear in arbitrary powers in the action — thus in our approach there appear 
new parameters, too. We can prove, however, that the additional parameters do not 
influence physical amplitudes and hence are irrelevant in physics respects. 

For the characterization of the symmetries, a Slavnov-Taylor identity of the same 
structure as in the unbroken case [|], ^ can be used. Since no supersymmetric and 
gauge invariant regularization is known, we do not rely on the existence of such a 
scheme and define all Green functions, using the algebraic method, via the Slavnov- 
Taylor identity. On this basis the relations between the renormalization of soft and 
supersymmetric parameters, given in |^, |^, are not included in the construc- 
tion; all soft-breaking terms can appear with arbitrary renormalization constants. As 
demonstrated for supersymmetric QED in [|T0[], a derivation of such results requires 
a much more sophisticated introduction of the soft-breaking terms and is beyond the 
pure proof of renormalizability. 

We restrict ourselves to a simple, non-Abelian gauge group and exclude sponta- 
neous symmetry breaking and CP violation. Together with the treatment of the intri- 
cacies of the standard model due to its spontaneously broken, non-semisimple gauge 
group [ PT] ] and supersymmetric non-abelian [^, ^ and Abelian [|1^ gauge theories 
without soft breaking, this should provide the necessary building blocks for the renor- 
malization of the supersymmetric extensions of the standard model. 

The outline of the present article is as follows. In sec. ^ the basic notions of the 
considered models and of soft supersymmetry breaking are introduced. In sec. ^ the 
symmetry identities describing gauge invariance and softly broken supersymmetry are 
constructed according to the basic idea described above. 
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Sections ^ ^ constitute the main part of the paper. In sec. ^ it is shown that — 
similar to the case of — by introducing the external chiral multiplet an infinite num- 
ber of parameters appears in the most general classical action. That these parameters 
are all irrelevant in physics respects and do not even appear in practice is demonstrated 
in sec. ^ The theorems proven there are our central results and finally also imply 
that all divergences can be absorbed in accordance with the symmetries. In sec. ^ 
our approach is compared to the one of 0] and its advantages and disadvantages are 
discussed. In the appendix our conventions and the BRS transformations are collected. 

2 The model and its symmetries 

2.1 Supersymmetric part 

We consider supersymmetric Yang-Mills theories with a simple gauge group, coupled 
to matter. In this class of models there are the following fields: 

• One Yang-Mills multiplet in the adjoint representation of the gauge group. This 
multiplet consists of the spin-1 gauge fields and the spin-^ gauginos A", Xaa- 

• Chiral supersymmetry multiplets {(pi, tp") for the matter fields consisting of 
scalar and spin-| fields that transform under a representation of the gauge group 
which is in general reducible. The corresponding hermitian generators are called 

ij' 

This minimal set of fields corresponds to the Wess-Zumino gauge and is used through- 
out the whole paper. Still it will be convenient to have the compact superspace no- 
tation at hand. In superspace, fermionic variables 6*", 6 and covariant derivatives 
Da = gf^ — '>'icr^d)adfM, Da = + i{9a^)ad^, are used, and the fields introduced 
above are combined in the following vector, chiral and field strength superfields[| 

Va{x,e,'e) = 9(T^eAaf,{x) + zeeeXa{x)-iW9Xa{x) 

+ ^eeWDaix) , (1) 
= My) + ^oMy) + oeF,{y), (2) 

Wa = -^DD(e-2^^D,e2^^) (3) 

with the chiral coordinate = x^" - iOa^^O and V = T^Va, Wa = T"-Waa- Whenever 
we use a superspace expression, it is understood that the auxiliary fields Da and Fj are 
eliminated by their respective equations of motion derived from the complete classical 
action, ffi = ^ = = 0. 

^For the vector superfield, the Wess-Zumino gauge is used. 
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Using this notation and superspace integrals with the normalization J (f9 99 
J (P9 99 = 1, the supersymmetric part of the classical action reads 



r,u,y = j d^xd^9d^9^^e'^3^^ 

+ ( f d^xd^9 ^W^Waa + + /i.e.) 



(4) 



with the superpotentialQ 




(5) 



2.2 Soft supersymmetry breaking 

Soft-breaking terms break supersymmetry without destroying its attractive features. In 
the present work we restrict the soft-breaking terms to the terms found and classified 
by Girardello and Grisaru (GO) Their list of soft-breaking terms is quite short: 

• mass terms for scalar fields, —Mf-(j)\(j).j, 

• holomorphic bilinear and trilinear terms in the scalar fields, 

-{Bij(j)i(f)j + Aijk4>i(f)j4>k + h.c), 

• mass terms for gauginos, | {M\XaXa + h.c). 

These GG terms have two crucial properties: First, they break supersymmetry without 
introducing quadratic divergences. And second, they may be viewed as a part of a 
power-counting renormalizable and supersymmetric interaction term with an external 
supermultiplet (spurion) [@]. This can be shown by introducing one external chiral 



Then the supersymmetric extensions of the above soft breaking terms can easily be 
written in superspace: 



^Gauge singlets are excluded. 

"*The / component of this external chiral superfield need not be eliminated since / is no dynamical 
field and does not satisfy particular equations of motion. 





(8) 
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As long as r] and its component fields are treated as external fields with arbitrary values, 
these interaction terms are manifestly super symmetric. Only in the limit 

a{x) = xix) = f{x) = 0, 

riix,9) = 99 fo, (9) 

they reduce to the soft breaking terms with Mjv, |/op = M^j, Bijfo = Bij, Aij^fo = 
Ajk, Mxfo = Ma. 

The GG soft breaking terms comprise all possible terms of mass dimension 2 but 
not all possible terms of mass dimension 3. Obviously, not only A A and (jxpcf) but also 
i/ji/j and 0^00 are supersymmetry-breaking terms of mass dimension 3.0 The terms of 
the form tptp and are excluded from the GG class because in general they intro- 
duce quadratic divergences. However, as mentioned e.g. in [^, in many concrete mod- 
els, like the minimal supersymmetric extension of the standard model, these quadratic 
divergences are absent. Therefore, concerning only the quadratic divergences, the GG 
class is too narrow. 

If soft breaking is introduced via the coupling to t], the non-GG terms are excluded, 
since they cannot be extended to a power-counting renormalizable and supersymmetric 
interaction such as in (||). This means that the possible supersymmetric coupling to the 
spurion r] is the more profound characterization of the GG soft breaking terms than 
absence of quadratic divergences. 

3 Quantization 

3.1 Construction of the Slavnov-Taylor identity 

Our aim is now to find a definition of supersymmetric gauge theories with soft break- 
ing. Analogously to the case without soft breaking, softly broken supersymmetry 
should be combined with gauge invariance in a single Slavnov-Taylor identity. Since 
soft breaking terms are characterized by the possible coupling to the external t] multi- 
plet, there is the following possibility: The Slavnov-Taylor identity has the same form 
as in the unbroken case but it contains also the i] multiplet. In this way, first a fully 
supersymmetric model is described. Then 7] is set to the constant (Q), and in this way 
the soft breaking is introduced. 

^For instance, in the case of the minimal supersymmetric standard model the (pcjxp GG terms are (we 
adopt the conventions of ref. 

mioXtH2Qt + nisXbHiQb + niQXrHiLf , 

whereas the following non-GG terms are also perfectly gauge-invariant supersymmetry-breaking terms 
that do not induce quadratic divergences: 

mgXtHiQi + m-/XbH2Qb + mc,XrH2Lf . 
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According to this approach, the Slavnov-Taylor identity is constructed along the 
same lines as in the unbroken case The basic elements of the construction are 
the following: First, BRS transformations are introduced at the classical level. Since 
supersymmetry, gauge transformations, and translations are deeply entangled in the 
Wess-Zumino gauge, all three symmetries have to be combined into the BRS transfor- 
mations s, and three kinds of ghost fields have to be used. These are the fields 

c,(x),e^r,a;^ (10) 

corresponding to gauge and supersymmetry transformations and translations, respec- 
tively. Only the Faddeev-Popov ghosts are quantum fields, whereas the other 
ghosts are space-time independent constants because the corresponding symmetries 
are global. The statistics of all ghost fields is opposite to the one required by the spin- 
statistics theorem. The explicit form of the BRS transformations can be found in the 
appendix. 

Second, the sum of the gauge fixing and ghost terms has to be BRS invariant in 
order to ensure the decoupling of the unphysical degrees of freedom and the unitarity 
of the physical S-matrix. Thus it can be obtained as the BRS transformation of some 
fermionic expression with ghost number —1. In order to define such an expression we 
introduce the antighosts Ca{x) and auxiliary fields Ba and write the usual renormal- 
izable gauge fixing term with arbitrary gauge parameter ^ and a linear gauge fixing 
function fa = d^,M^ as 

rfi.,gh = j d^Xs[CaUa + \Ba)] • (H) 

Third, most of the BRS transformations are non-linear in the propagating fields and 
thus affected by quantum corrections. In order to cope with the renormalization of the 
composite operators sipi we couple them to external fields Yi. 

Text = Jd'x(Y^.sA^a+Y,yXaa + Yj^^st 

+ y<i>rS(i)i + Y^t^s<t>\ + Y^.s%IJia + >"^^dS^" 

+ Y,^SCa). (12) 

Note that the implicit elimination of the Da and Fj, F/ fields yields additional bilin- 
ear terms in the external Y fields. Using the external Y fields we can write down 
the Slavnov-Taylor operator S{-) corresponding to the BRS operator s. Acting on a 
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general functional T it reads: 



S{T) = So(^) + S'soft(^), (13) 
S^{T) = d^x(-—— - + -—— + 



5Y^.5A^a SY,^^5X^ SY^SX^ 

+ -TT^^ + TTT T + 



+ 



bY^^b^, 5i;t50l ^F^.a^V'r 

bT bT 



bT bT _bT „ bT 

+ TT^T y SCa^r— + sB, 



bY^^bCa "bca "bB^ 

+ + + ^^^^ 



bT 



bT JT .bT\ 



Only the linear BRS transformations appear explicitly here. 



3.2 Defining symmetry identities 

Now we are in the position to spell out the complete definition of the symmetries of 
the model as a set of requirements on the effective action F, the quantum extension of 
the classical action Fd and the generating functional of one-particle irreducible vertex 
functions: 



Slavnov-Taylor identity: 



^(F) = 0. (16) 



Gauge fixing condition: 

_ (^Ffi. 

bBa bBa 
Translational ghost equation: 

bV 5Fext 



fa + iBa. (17) 



buj"" buj'- 



I d^xY,{-^f'''y^^^,ipi (18) 



with Fcxt in eq. (|T2|), and where {ipi, Yi) runs over the dynamical fields with 
corresponding Y fields and GPi denotes the Grassmann-parity of ipi. 
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• Global symmetries: We require T to be invariant under CP conjugation and un- 
der global gauge transformations and continuous i?-transformations and to pre- 
serve ghost number (see table |l]). There may be further symmetries such as 
lepton number conservation, but these we leave unspecified. We only assume 
that the global symmetries exclude mixings between the and the A^, between 
0j and 0] and between the combinations /0i and {f(pjy. 



X 




K 


0i 




a 




/ 


Ca 






Ca 




R 





1 


rii 


Hi - I 





-1 


-2 





1 











Qc 























+1 


+ 1 


+1 


-1 





GP 





1 





1 





1 





1 





1 


1 





dim 


1 


3/2 


1 


3/2 





1/2 


1 





-1/2 


-1 


2 


2 



Table 1: Quantum numbers. R,Qc,GP,dim denote i?-weight and ghost charge, 
Grassmann parity and the mass dimension, respectively. The i?- weights rii of the chiral 
multiplets are left arbitrary. The quantum numbers of the external fields Yi introduced 
in sec. ^ can be obtained from the requirement that Text is neutral, bosonic and has 
dim = 4. The commutation rule for two general fields is X1X2 = (— l)*^^^'^^^X2Xi- 



Physical part: As already stated in sec. |Z2| , the physical part of the effective 
action is defined to be 



\a=X=f=0 



(19) 



In this limit, already defined in eq. (^, supersymmetry is softly broken by GG 
terms. 

For later use we introduce the abbreviation Sym(r) = for this set of symmetry 
requirements: 

Sym(r) = ^ (16), (0), (||), Global symmetries. (20) 
The canonically normalized classical action is given by the sum 

Tcl, canonical Tsusy ~l~ Tsoft ~l~ Tfix, gh ~l~ Text ; (21) 
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with eliminated Da and Fj fields. The construction guarantees that 
Sym(rci, canonical) = 0. Its cxpUcit form reads 

Tcl, canonical | a=x=0 

~ ■'^susy + ^soft + ^fix, gh + Tgxt + ' (2^) 



susy 



- V2g{fijj\(t) - i(t)^Xilj) 



dW{(p) 



d(j)i 



soft 



i fix, gh 



^ ext 

pO 
bil 



+ -(M,/>A« + /i.c.)) , 

d^x(-Cad^{D^'c)a 



ext|ir._»_(aw'(^)/a<^.)t 



(23) 



(24) 
(25) 

(26) 
(27) 
(28) 



As indicated by the superscript °, the part containing the external a and x fields is 
suppressed here because its concrete form is not relevant for our discussion, and only 
the / component of the rj multiplet is retained. Furthermore, we have introduced the 
gauge covariant derivative 



D„ 



(29) 



where in the adjoint representation has to be replaced by —if"-^'^ defined by 

[T'^, T^] = if'^^T^, and the field strength tensor 



(30) 
(31) 
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More general classical solutions of the symmetry requirements will be given sec. ^~]\ . 

4 Renormalization I: Basics 

The symmetry identities constitute a rigorous definition of the considered models. 
However, it remains to be checked whether the models defined in this way are renor- 
malizable. In the present section the usual analysis of the structure of the symmetric 
counterterms is applied, and the existence of infinitely many different types of symmet- 
ric counterterms is found. The role of these counterterms will be discussed in section 

I- 

4.1 Generalized classical solution 

In this subsection we assume that the symmetry identities can be established at each 
order by adding appropriate counterterms. Once the symmetries hold at the order fi^, 
there still may arise divergences and counterterms may be added. Both the divergences 
and the counterterms cannot interfere with the symmetries, which means that both are 
of the form Fsym with 

Sym(r<fi.LQop^ regularized ~l~ ^ rsym) 
Sym(r<f|.LQop regularized 

) + , (32) 

which reduces to 

Sym(rei + CFsym) = 0(C'), (33) 

with some arbitrary infinitesimal parameter since all symmetry identities are linear 
or bilinear in F. Yd is the classical action, i.e. F = Fd + 0{h). 

A model is renormalizable if all divergences can be absorbed by counterterms cor- 
responding to renormalization of the fields and parameters in the classical action and 
if the number of physical parameters is finite. 

Eq. ( ]33D shows how to find the general structure of the possible divergences and 
counterterms. Since the perturbed action Fd + Crsym is a solution of the symmetry 
identities in terms of a local power-counting renormalizable functional (classical solu- 
tion), simply the most general of these classical solutions has to be calculated. 

In this subsection we determine a certain set of classical solutions with a result re- 
minding of the result of [^. Beyond the super symmetric and soft breaking parameters 
there appear new kinds of free parameters. In fact, our solutions depend on infinitely 
many parameters ! 

One way to obtain classical solutions different from Fd, canonical in eq. ( PH ) is ob- 
vious. Since 7] is neutral with respect to all quantum numbers and has dimension it 
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can appear without any restrictions in the classical action. Indeed, 



+ I d^xd'^e (r2{r])W:Wa 



(34) 



is a possible generalization of (Q), (g) that maintains all symmetry properties of Fd. 
Here ri is an arbitrary real function of r], r^^ and r2, rs, V/^ are holomorphic functions 
of r]. Expanding ri . . . r4 in a Taylor series leads to infinitely many interaction terms 
in Tel. The fact that this generalized action is still symmetric means that to all of these 
terms there can be divergent loop contributions and that to each of them a normaliza- 
tion condition is needed. 

There is a further, more complicated way to perturb a classical solution of the 
symmetry requirements. We can modify the superfields appearing in Fsusy and Fgoft 
by terms depending on a,x, f- If these modifications are accompanied by suitable 
changes in the BRS transformations in Text, again classical solutions are obtained. 
One specific possibility is the following modification of the chiral superfields: 



= Uiij{a,a))(j)j + y/2{uiU2)ij{a,a))9'il}j 
- V2{uiU3)ij{a, a^)9x4>j + 09Fi , 



(35) 



where this modification is parametrized by three arbitrary functions ui, U2, U3 of a and 
These fields transform as chiral superfields if the BRS transformations and thus 
Text is redefined as 



Part 



ext 



d^x Y„ 



V2u3ijex(l)j 



U2 ^U^ ^S^UiU2)ijllj" 

+ V2{u2^U3U2)ijei!jX'' - 72(^2 ^M3M3)ijeX0jX" 
+ {U2^U];^{S^UIU3) - U2^U3U^^{SeUij)ij(f>jX" 

+ {ui^d^ui)jk<j)k + U3jk4>kdf,a) 
+ V2e''iuiU2)ij'Fj + V2e''{u2\3h<Pjf 
+ h.c. + Terms involving c, u'^^ . 



(36) 



Here Se denotes only the e, e-dependent part of the BRS transformation. The terms 
involving c, tu'^ are identical to those in ([T2[). Using $j from (|3^) in T^usy, soft together 
with the redefined Text, we obtain a further set of classical solutions. 
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Analogously, the vector superfield and the corresponding part of Text can be mod- 
ified as follows: 



V = vi{a,a^){9(r''9A^ 

- ieee{Xv2{a, a^) - a^xA^v^ia, a"^))) 

+ -9999D , 
2 



(37) 



-lAfi, A— Part 
ext 



+ v-:>,V2^x^''Aai,)a^e\x^^'v-:>, 
- VsV^^V2iea''{d^a^)a^'Aa 



'■ail 



+ h.c. 



+ Terms involving c, uj^ 



(38) 



Here a modified field strength tensor Fapa{viA) = dp{viAaa) — da-{viAa 
gf'^'"^vfAi,pAccr has been introduced. 

Note that the functions ui, U2, vi, t>2 are a, a^-dependent generalizations of field 
renormalizations of the matter and gauge fields. On the other hand, M3, fa are new 
kinds of parameters corresponding to field renormalizations of the form 



1p ^ tp- U3X4> , 



(39) 
(40) 



In addition to these modifications, obviously a field renormalization of the 
Faddeev-Popov ghost 



ZcC , 



(41) 



and renormalization of all parameters appearing in V^i in eq. ( pT] ) is possible without 
violating the symmetry identities. 

We conclude that the supersymmetry algebra is unstable in the sense that it allows 
for arbitrary functions ^1,2,3 and f 1,2,3 with an infinite number of Taylor coefficients 
that have to be renormalized. So, even without calculating the classical solution to 
the symmetry identities in full generality, we know that infinitely many normalization 
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conditions are needed and the effective action T depends on infinitely many parame- 
ters. 

In the physical limit a = x = / = Oor already in the limit a = x = 0, the functions 
Tj, Ui, Vi reduce to usual field renormalizations and two additional parameters ^3(0), 
^3(0). Taking these two parameters into account, the canonically normalized classical 
action Fd, canonical in eq. ( p2| ) changes as follows: 

F I 

cl, canonical | a=x=0 

^ peq. (22) , 

cl, canonical I 'J—X—0 

+ J dV(-F^,„(v^e"/n3.,(0)</>,) 
- Yx^aV2vs{0)pea'"'Aa^ + h.c^ . (42) 
Only the external field part is influenced by the new parameters. 

4.2 Remarks on anomalies 

In the preceding subsection we have assumed that the symmetry identities can be main- 
tained at each order of perturbation theory. In principle this need not be true, because 
there could be anomalies. For unbroken supersymmetric Yang-Mills theories it is well 
known that the only possible anomaly is the supersymmetric extension of the chiral 
gauge anomaly [ p3| , 0, §p. In particular, the relevant cohomology does not depend on 
the chiral multiplets at all. In spite of the soft breaking, the formulation of our model 
is the same as the one for unbroken supersymmetric Yang-Mills theories except for the 
appearance of the additional chiral i] multiplet of dimension 0. Therefore, we assume 
that our model is anomaly free and the symmetry identities can be restored by suitable 
counterterms at each order. 

However, one also has to check for infrared anomalies, i.e. breakings of the sym- 
metry identities that can only be absorbed by counterterms of infrared dimension less 
than 4. Using the assignments from in principle counterterms of infrared di- 
mension > 2.5 could show up. However, there are no such counterterms of infrared 
dimension < 4 that involve at least two propagating fields. The other ones cannot be 
inserted in higher order loop diagrams and thus are harmless, so there are no infrared 
anomalies. 

5 Renormalization II: Physical part of the model 

In general, a model depending on an infinite number of parameters has no predictive 
power. But this is not necessarily the case here, because all physical amplitudes have 

*For the spurion field components we use dimiR(a) = 2, dimiR(x, /) — 1- 
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to be derived from the effective action T in the limit (^,a = x = / = 0. And we have 
not yet checked which of the parameters can have any influence on T in this limit. 

In this section we prove two theorems showing that the infinitely many unwanted 
parameters are irrelevant for physical quantities and do not appear in practical calcula- 
tions. Thus the number of physical parameters is finite and the considered models are 
renormalizable. And moreover, the set of physical parameters can be identified with 
the supersymmetric and soft breaking parameters. 

The essentials of the two theorems are the following: 

1. The only quantities r|a=^=y.=o> i-C- Green functions without external a, x or Yi 
fields, depend on are 

• the field renormalization constants Za, Zx, Z^, Z^, Z^, 

• the gauge coupling g, 

• the parameters in the superpotential rriij, gijk, 

• the soft breaking parameters M^j, Bij, Aij^, Ma- 

More details and the proof can be found in subsec. |5^ . 



2. In practical calculations it is sufficient to solve the symmetry identities in the 
limit a = X = 0, 

Sym(r)|„=^=o = 0. (43) 

Each of these solutions can be extended to a full solution r*^'^'^'^* that contains the 
same physics and satisfies 



Sym(r"^^*) = 0, (44) 

I "p exact I 

|a=x=0 — \a=x=0 



r|(j=^=o — r''''^'^*|a=^=o • (45) 



Since in the evaluation of Sym(r)|a=^=o the unphysical parameters do not ap- 
pear one has no need to calculate Feynman rules or vertex functions involving 



these parameters. This theorem is proven in subsec. ^7T] for the classical level 
and subsec. F3|for the quantum level. 



For practical calculations the theorems have an important implication. It is a possible 
and sufficient prescription to impose only Sym(r)|a=^=o = and require normaliza- 
tion conditions only for the physical parameters listed in theorem 1 . Each solution of 
this prescription is equivalent in physics respects to a full solution of the symmetry 
identities, and any two solutions differ only in the physically irrelevant part. 

The proofs of these theorems are now given in the order of their logical interde- 
pendence. First we prove a lemma which is a more general form of theorem 2 on the 
classical level and introduce some useful notation. Then this lemma is used to prove 
theorem 1 and finally theorem 2 on the quantum level. 
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5.1 Classical solution and invariant counterterms 

Let R be the following operator for a renormalization transformation of all parameters 
and fields appearing in Td, canonical |a=x=o defined in eq. (g^): 



R : 



{A, 1a} 

{g,mij,gijk} 
Aijk, Ma} 



-1 



-AM, 

Za B, a/ Za c, Za^} 

-1, 



{V^aA,V^a } 



'Z, Fc} 

{^f + bg, rriij + 6mij,gijk + 6gijk} 
Aijk + 6Aijk, Ma + 5Ma} 



(46) 



with real constants \/Z~/ 



5g, Srriij, Sgijk, SMf^, 6Bij, 
SAijk, SMx, Susij{0), 5vs{0) that have to be compatible with the global symmetries. 
Similarly, let SR be the following infinitesimal renormalization transformation: 



6R 



'-5Z, 



Ba 



d^xiAt: 

6 



6 



S 



1 



6Ba ^"dCa 

6 



+ 2^ 



5 



d 



6 



SXn 



'5\a 



Yy 



6 



Xa 



5Y: 



Y-. 



6 



Xa 



5Y. 



+ -6Z. 
+ -SZ^ij 



6 



6 



"'5Y. 



6 



5 



14 



d d d 



og drriij dgijk 



According to the results of sec. ^71] and using the identification 

\/ Z^ij — ^ {UiU2)ij , 

^/Zl ^ v^V2, (48) 

we see that both operators R, 5R are compatible with the symmetries. Suppose, Fd is 
a classical solution of Sym(rci) = 0. Then RT^x is another solution: 

Sym(i?rei) = 0, (49) 



and 5R generates symmetric counterterms (compare eq. (p3|)): 

rsym ^R^c\ 

Sym(rei + Cr.y J = + O(C'). (50) 

Now we consider the symmetry identities and its classical solutions in the limit 

a = X = 0, / arbitrary. (51) 

This limit is not identical with the physical limit @ but better suited for our needs. In 
this limit the unwanted parameters do not appear but still the symmetry identities are 
restrictive enough. 

Lemma: Let and Fsym denote a classical solution and an action for symmetric 
counterterms in the limit a = x = 0, 

Sym(rci)|a=x=o = 0, (52) 
Sym(rci + Crsym)|a=x=o = + 0(0- (53) 

Then the most general form of Fd, Fsym has to fulfil the relations 

rcl|a=x=0 [-R-Tci^ canonical] I a=x=0 ) (54) 

Fsym|a=x=0 ['^-RFcl^ canonical] | a=x=0 5 (55) 

with the operators R, 6R defined in (^, (g7]). 
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Proof: The general classical solution of the symmetry identities (|5^, ( ^3] ) can be 
obtained by a straightforward calculation. We write down a general ansatz, apply the 
symmetry identities and derive the necessary relations the coefficients in the ansatz 
have to satisfy. Although the calculation is lengthy, the announced results (|54l), ( p5| ) 
follow in a direct way. 

We now give a short sketch of the calculation with emphasis on the main point, 
namely the restriction of the terms of 0{f, p). This sketch will also show why we 
have to use the limit instead of in the statement of the lemma. 

The most general ansatz for Fd can be decomposed according to the degree in 
a,X, f- 

Tcl = To + r^-^iij^ + r^;^^3t + r^,lin + Trest , (56) 

where Tq does not depend on a, x, /; rest linear and of higher degree in / 

but do not depend on a, x', ^x, lin linear in x and does not depend on a, /, and Frest 
contains the rest of the dependence on /, and the complete dependence on a. 

Since all defining symmetry identities either do not change the degree in a, x, f or 
increase it, we obtain for Tq: 

= Sym(r)|^^^^;^o = Sym(ro), (57) 

thus To is a classical solution of the defining symmetry identities in the case without 
soft breaking . 

Next, the symmetry identities in ( |52| ) imply that T j is globally invariant and 
does not depend on Ba and co^, and that 

~ '^(-'^)la=x=0, linear in/ 

= 4,r/,iin + ^x(rx,iin)- (58) 

Here Sp^^ is the linearized version of 5*0 defined by 

5o(ro + Cri) = So{To) + Cs'ro^i + 0{e), (59) 



and 



6r 



a=x=0 








o-=X 


ST 









ST 

+ SXaT^ 



a=x=0 



(60) 



Due to the form of the operator we obtain 



X 

4or/,Hr. = 0{ef) + 0{ep). (61) 
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Since on the physical fields s^^ acts as the BRS operator s up to field and parame- 
ter renormalizations, it is easy to see that the most general solution for that is 
compatible with the global symmetries is given by 

+ h.c. (62) 



All these terms are accounted for in the operator R, eq. (p6|). 

This is the point where the limit ( |5T1 ) is important. If we had required only 
Sym(rci) |a=;^=/=o instead of eq. (Q), then we would have obtained only 0{t) + 0{t) 



on the r.h.s. of eq. (|6T|), and in the solution to this equation non-GG terms (pcpcj)^ or 
would have appeared. 

The constraints on the remaining parts of T^i can be worked out similarly. 



5.2 Physical parameters 

Once the symmetry identities are satisfied at a given order in the limit (pTj), there can 
still be divergent contributions which have to be absorbed by symmetric counterterms 
Tsyj^ satisfying 

Sym(rd + Crsy^)U=^=o = + O(C'). (63) 

According to the lemma the most general form of Vsym is generated by the infinitesimal 
renormalization transformation 

rsym|a=x=0 = [(^-Rrd] | a=^=o • (64) 

This leads to the following hierarchy of the symmetric counterterms: 

1. Counterterms appearing in physical processes, where not only a = x = 0, but 
also the external Yi fields are set to zero: 

rsym|a=x=0,Yi=0 • (65) 

This first class contains the counterterms to the field renormalization constants 

Z\, Zc, Z^, Z^ and the parameters g, ruij, g-i^k, M^., Bij, Aijk, Ma. 

2. Additional counterterms appearing for Yi ^ 0: 

rsym|a=x=0,Yi7^0 • (66) 

This class contains precisely the counterterms to the M3, ^3 parameters. 
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3. The rest of the counterterms appearing for a, x arbitrary: 



x^o,Y^7^o ■ (67) 
This class contains infinitely many independent counterterms. 

The normalization conditions fixing the first, second and third set of counterterms 
we call normalization conditions of the first, second and third class, respectively. 

The next theorem states how far we get using only the class-one-normalization 
conditions and leaving open the ones of the second and third class. 

Theorem 1: Two solutions Fi and r2 of the same class-one-normalization conditions 
and of the symmetry identities in the limit (]5T1), 

Sym(r2)|a=x=o = Sym(ri)|<j=x=o = 0, (68) 
can differ at most by local terms proportional to Y^,Yx: 

{T2 - ri)|a=^=o 

- Yx^V2{v,{0) + 5t;3(0))/W"A^) + h.c. (69) 



Proof: Due to the lemma this holds at the tree level. To perform an inductive proof 
of this statement we suppose that we have at the order 

+ , (70) 

(r2xt - ri,ct)|a=x=0 = Ay(5M^""^\54"'"^'') 

+ (71) 

Then, at the next order all one-particle irreducible loop diagrams not involving a, x 
are the same, regardless whether calculated according to the Feynman rules for Fi or 
F2. This is true because even though the Feynman rules differ by the terms Ay, these 
differences cannot contribute since they are linear in the propagating fields. 

The difficult point is to prove that the counterterms of the order K"', denoted by 



Fi ;t and F^ do not invalidate (2§0)- We know 



(F2-FOU=x=o = AT':> + Ay{ur'\n 



3 



+ 0(;i"+') , (72) 
AFi? = (F^:i-FS")jU=,=o. (73) 
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Thus, taking into account the symmetry of Ay and the fact that all symmetry identities 
except for the Slavnov-Taylor identity are linear and do not change the degree in a, x, 
we obtain for these identities 



= Sym(r: 
= Sym(r: 



2)\a=x=0 
2|a=x=o) 



Sym(ri|a=^=o + Ar, 



(n) 
ct 



. A / (n-l) {n-l)NN 

= + Sym(Ar(^)) . (74) 

For the Slavnov-Taylor identity we obtain at the order (we use the operator 
defined in eq. (|5^)): 

= ^(r2)|a=x=0 

= 5'o(r2|a=x=o) + S^(T2) 

= 5o(riU=^=o + Ar^^) + Ay) + 5^,(12) 



5(ri + Ar^:) + Ay)|, 



in) 



?(r, + Ar(^))U=,=o 

+ 



f5Vi + Ar^"^ 5 Ay 



6Yi 5ipi 



^5 Ay 5T, + AT^:^ 



a=x=0 



5Yi 5ipi 

+ 5,(12 -(ri + Ar(? + Ay)) 
= 5(ri + Ar(^))U=,=o 

+ v^(e"Xj-e^X"/t). (75) 

The last two equations hold owing to the special form of Ay with some suitably chosen 
functional X^. Since Fi satisfies the Slavnov-Taylor identity the first term of this result 
can be simplified using 

S(Fi + AF(^)) = ^(Fi,,i + AF(;:)) + 0(r+i). (76) 



Therefore, both terms in the last line of eq. (^5]) are local and power-counting renor- 
malizable functionals of the order N\ and we can define a counterterm action 

F,y^ = AF(^) + (x"X„ + x^X") (77) 

that satisfies 

'S'(Fi^cl + rsym)|a=x=o = >S'(Fi + AF^^ ^ ) | ^=,^,=0 

+ v^(e"X„/-e^X"/t) 
= + C(r+^) . (78) 
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Thus, Fsym is a symmetric counterterm in the sense of eq. (|53|), and we obtain from the 
lemma: 

rsym|a=x=0 = |a=x=0 (79) 

On the other hand, by construction Fsym contains the relevant difference of Fi and F2 
at the order K"': 

— ri)|a=x=0 = rsym|a=x=0 + ^^("^3" ^\ "^3^ 

+ OiK"^^) . (80) 

Now, since Fi 2 satisfy the same class-one-normalization conditions, Fgym cannot con- 
tain any class-one-counterterms. Since these are the only counterterms that appear in 
the limit a = x = Fj = 0, we obtain 

rsym|a=x=yi=0 = . (81) 

Owing to the concrete form of 5R, this shows 

AF^^)U=^=o = F3y^U=;,=o = Ay(54"\54"V (82) 

Together with eq. ( [7^ this demonstrates the validity of eqs. ( [7U[]7T| ) at the next order, 
completing the induction. 

5.3 Simplified symmetry identities at the quantum level 

According to theorem 1, the parameters of class 2 and class 3 are irrelevant in physics 
respects. In this subsection, a complementary theorem is proven. This theorem 2 
states that it is sufficient to establish the symmetry identities in the limit (pTj), where 
the infinitely many parameters of class 3 do not appear at all. This implies that the 
class 3 parameters can be completely ignored in practice. The two parameters M3, 
of class 2 are also unphysical, but they do appear in the limit (pTj). 



At the classical level, this is a direct consequence of the Lemma in subsec. p7T 
together with eqs. (p9t), (pO|): Any classical solution Fd of the symmetry identities 
( |52| ) is equivalent in physics respects to a solution [-RFd, canonical] of the full symmetry 
identities. In this subsection the theorem is extended to the quantum level. The state- 
ment of the theorem and its proof at the quantum level is divided into two parts — the 
existence of a solution to the symmetry identities in the limit ( pTj ) and its extension to 
a full solution. 

5.3.1 Existence of a solution 

Theorem 2a: Suppose F is a solution of the symmetry identities in the limit ( pTj ) up 
to the order 

Sym(F)U=^=o = + , (83) 
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and r'^''^'^* is an extension that solves the full symmetry identities, 

Sym(r""^"*) = + 0{h") , (84) 
^pexact_p)|^^^^^ = + C(r). (85) 



Then we claim that T, Y^"^^^ can be renormalized in such a way that the eqs. ( p3| - p5l ) 
are maintained at the next order h^. 

Proof: Since we assume the absence of anomalies, F'^'"^'^* can be renormalized in 
such a way that 

gy^^pcxact) = + 0{h''+^) . (86) 

Since the Feynman rules of the order ^" defined by F^'''^'^* and F differ only in terms 
~ a, X, all loop diagrams contributing to T'^^^^^\a=x=o and F|a=-^=o are equal at this 
order. Thus, adding appropriate 0{h^) counterterms to F we obtain 

(P^^^* -F)|,=^=o = + C(r+^). (87) 

However, F does not yet satisfy the Slavnov-Taylor identity at this order. Indeed, 
neglecting terms of the order h^^^ we obtain 

s(T)\a=x=o = 'S'o(r|a=^=o) + 'S';^(r) 

= s'o(r^'"^'^*|a=x=o) + 'S';^;(r) 

= 5(F'=^^^*)U=;,=o + 5x(r-P""'*) 

= rA. (88) 

Owing to the quantum action principle [[T^], the lowest order of A is a local and power- 
counting renormalizable functional, and owing to the form of it takes the form 

A = y y2e"X«/ - y2e^X"/t + 0{h) . (89) 

Hence, adding the counterterms 

F-.F - / r(x"X„ + x^X°) (90) 



restores the Slavnov-Taylor identity S'(F)|a=^=o = + 0{hJ''^^) without interfering 
with eq. (p7|). All further symmetry identities are linear and homogeneous in a, %. 
Therefore, F satisfies these identities, too, and we obtain 

Sym(F)U=^=o = + . (91) 

This was to be shown. 
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5.3.2 Extension to a full solution 



Theorem 2b: Let F be a solution to the symmetry identities in the limit a = x = 0, 

Sym(r)U=^=o = 0. (92) 
Then there exists an extension to a full solution Y^^^'^^ satisfying 

Sym(r"^"*) = 0, (93) 

(r^-^*-r)u=^=o = 0. (94) 



Proof: Due to the lemma there is a classical solution F^f'^'^* satisfying eqs. ( P3| - p4| ). 
Now suppose the same is true at the order Tl^^^, that is there exists an effective action 
pexact satisfying 

gyj^^pcxact) = + 0{h'') , (95) 

(Y---^' -T)\a=^=o = + O(r). (96) 
Then, according to theorem 2a there are 0{h^) counterterms yielding F = F + 0{ff), 

Sym(r)U=^=o = + O(r+i), (97) 
Sym(F""^=*) = + 0{h''+^) , (98) 
(r"^"* -f)U=^=o = + O{h"+^). (99) 

However, due to eqs. (^2|), (^7]) the difference F — F has to be a symmetric counterterm 



as defined in eq. (|53[). Hence, it has the form 

(F-f)U=^=o = [<5i?Fei]U=x=o. (100) 



Therefore, F'^'^'^^* = F^'''^'^* + dRTl"^^^ has the desired properties 

Sym(F'^"^"*) = Sym(r""^^* + ^i^F^f*^^*^ 

+ C(/i"+^), (101) 

+ . (102) 



("■pexact -pNi /-pexact -p 

[i -ij|a=x=0 = U -i;|a=x=0 

n+l^ 



This completes the induction. 



6 Alternative approach 

The first Slavnov-Taylor identity for softly broken supersymmetric gauge theories was 
presented in ref. [|^]. In this construction the absence of anomalies could be nicely 
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shown, but there appeared new kinds of parameters whose physical meaning remained 
unclear. As shown in sec. ^ in our approach this problem could be solved. In this 
section a brief comparison of both approaches is given. 

Basically, in both approaches the soft breaking is introduced via external fields 
with definite BRS transformation rules. These transformation rules contain a constant 
shift that yields the soft parameters in the limit of vanishing external fields. 

The main difference concerns the underlying intuition and consequently the exter- 
nal field content:]] In [^, the soft breaking terms are not introduced as couplings to a 
multiplet (a, /) that transforms as a chiral supermultiplet but as couplings to a BRS 
doublet {u, v) where[| 

su = V — ioj^duU , (103) 
sv = 2iea''ed^u-iuj''d^v , (104) 
v{x) = v{x) + K . (105) 

The main benefit of this structure is that the cohomological sector of the theory is not 
altered compared to the case without soft breaking. This allows a straightforward proof 
of the absence of anomalies. 

Contrary to the case of (a, x, /)> however, the BRS transformations of u and v 
cannot be interpreted as supersymmetry transformations where simply the transforma- 
tion parameter has been promoted to a ghost. Moreover, u and v are two scalar fields 
and therefore cannot form a supersymmetry multiplet. Correspondingly, the restriction 
of the breaking terms to the ones of the GG-class is done by requiring i?-invariance 
with specially chosen i?-weights. In [|3|], requiring supersymmetry alone would not 
suffice to forbid non-GG terms (see sec. P^ ). On the one hand, this opens a way to 
perform the renormalization of theories with arbitrary supersymmetry breaking. But 
on the other hand the emphasized role of i?-invariance might obstruct a deeper under- 
standing of softly broken supersymmetry and its influence on typical consequences of 
supersymmetry like non-renormalization properties. 

In the limit of vanishing external fields, the classical action in both approaches 
reduces to the same soft breaking action but for non-vanishing external fields in both 
cases new parameters appear: in our case the ones discussed in section ^~\\ in the case 
of ^ for instance the parameters p2, Pi that appear in the terms 

r2,4 = j d'^x(^p2abyi,bae°'{v(f)a- V2ueipa) 

+ P4abVUei/ja(pt) + • • • (106) 

^One further difference concerns the supersymmetric mass terms which are also introduced via ex- 
ternal fields in [^j]. This is done in order not to violate i?-invariance because the i?-weights of the chiral 
fields are fixed to = | (translated to our convention) in accordance with the i?-part of the supercur- 
rent. In our case the i?-weights are assumed to be chosen in such a way that the mass terms are invariant 
and therefore we do not need such an external field multiplet. 

^The equations are translated to our conventions. In particular, in 1^] there is also an R- 
transformation part in the BRS transformations, which is neglected here. 
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The main reason why the approach of ref. 0] cannot be used directly in phenomeno- 
logical applications is that the physical meaning of these parameters is not obvious. 
In particular, a theorem showing whether these parameters are irrelevant for physical 



quantities or not — analogous to sec. — is lacking. 

In spite of these differences, there is a remarkable relation between both ap- 
proaches. First of all, the quantum numbers of v and / are equal, and second we can 
combine the supersymmetry ghost and m to a spinor (eu) that has the same quantum 
numbers as x- Hence, we can identify 

a 0, 

V2f V. (107) 
Furthermore, this correspondence even holds for the BRS transformations: 

sa —>■ \pleeu = , 

sV2f 2iea''d^eu-iuj''d^v = sv . (108) 

Here we have used e^e^ = 0, which holds since e is bosonic. Thus, u and v may be 
regarded as a part of our chiral multiplet (a, x, /). And there is a natural identification 
in our framework of terms like the p2-term in ( |106[ ), where u comes always in combi- 
nation with e. In fact, this term has the same structure as the Ms-term in eq. ( |3^ ) with 
U3 — > — P2 when (|107|) is used. 



However, in the classical action of Q there are also terms where u appears with- 
out an accompanying e or m without accompanying e, such as the p4-term in (|106D. 



These terms have no correspondence in our framework. On the other hand, of course 
our terms depending on the a field have no correspondence in []3|]. Therefore both 
frameworks are really different and independent of each other. 



7 Conclusions 

In this article we have performed the renormalization of supersymmetric Yang-Mills 
theories with soft supersymmetry-breaking terms of the GG class. These terms are 
introduced in a supersymmetric way via an external chiral multiplet, allowing a con- 
struction that parallels the one without soft breaking. 

This construction is afflicted by a problem, since in the course of the renormal- 
ization, an unconstrained number of additional parameters appear. However, in sec. ^ 
it is shown that these parameters are irrelevant in physics respects. Even better than 
gauge parameters they do not influence any vertex functions that occur in physical S- 
matrix elements; and neither at the classical nor at the quantum level it is necessary 
to calculate the part of the Lagrangian and the counterterms involving those additional 
parameters. 
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For practical calculations of physical processes the theorems in sec. ^ imply, 
first, that the symmetry identities need to be established only in the limit (|T]), 
Sym(r)|a=;^=o = 0. And second, renormalization of the fields and parameters ap- 
pearing in the relevant part of the classical action suffices to cancel the divergences. 

Since the supersymmetric extensions of the standard model like the minimal one 
(MSSM) involve soft breaking, our results provide an important building block for the 
renormalization of these kind of models. 

The impossibility to accommodate non-GG breaking terms in the framework with 
spurion fields, where breaking terms are introduced via a coupling to a supermulti- 
plet, shows that GG terms are a renormalizable subclass of all breaking. That these 
terms have even special properties under renormalization, as seen in explicit one- 
loop calculations and different approaches to their renormalization group coefficients 
[0, H, ^ [T^, cannot be concluded by using the present formalism. As shown for the 
Abelian case in [IM, the present formalism provides the correct starting point for this 



purpose, but it has to be enhanced by a deeper characterization of the symmetries. 
Acknowledgements. We thank M. Roth, C. Rupp, and K. Sibold for valuable dis- 



cussions. 



A Conventions 

2-Spinor indices and scalar products: 

ipx = , i^x = i^aT , (109) 

a matrices: 

(111) 

(112) 
(113) 

Complex conjugation: 

(ipey = ¥4), (114) 

(^a^^)t = ^(jM^, (115) 
(^a^'^0)t = ea^""^ . (116) 
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Derivatives: 



^ " Sj, ^0f3 = -Sp\ (117) 



-L-e. = 6'',, (118) 
B BRS transformations 

On the physical fields (i.e. fields canying no ghost number) the BRS transformations 
are the sum of gauge and supersymmetry transformations and translations, where the 
transformation parameters have been promoted to the ghost fields: 

sAfj, = d^c-ig[c,Aij]+ieaij,X-iXaije 

-iu^d^A^, (119) 

- icu'^a^A" , (120) 
sXa = -ig{c, Xa} - -{eaP'')aFpa + ila D 

- iu^d^Xa , (121) 
s0j = —igc(f)i + V2eipi — iu^dj,(t)i , (122) 
s4 = +iy(0tc), + v^V^.e-iu;^a,4, (123) 
siP^ = -igciP^ + V2e''F,-V2i{ea^'rD^(P, 

- iuj^'d^i^t , (124) 
si^ia = -ig(^^c)i-V2-e^Fl + V2i{e(T'')^{D^,(l)i)^ 

- iu^dj^,^ , (125) 
ex - iuJ^dytt , (126) 

\/2xe-iuj''d^a\ {111) 

^e"/ - ^/2i{ea^Y^^a - iu'^d^x" , (128) 

-V2eaP + V2i{ea^Udi,a^ - iu^d^Xa , (129) 

sf = V2iea''d^x -iu^^dj , (130) 

sp = -V2id^W''e-iu;''dJ^ . (131) 

Here we have used A^ — T'^Aan and similar for A, A, Fpa-, D, c, c, B. Again, the 
auxiliary fields D and Fj, f} are understood to be eliminated by their equations of 
motion. 

The various (anti)commutation relations of the transformations are encoded in the 
nilpotency equation 

s2 ^ + field equations (132) 



sa 
sa^ 
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if the BRS transformations of the ghosts are given by the structure constants of the 
algebra and the ghosts have the opposite statistics as required by the spin- statistics 
theorem [[T^]: 



sc = —ig(? + 2iea''eA^ 



iuj^dyC , 



(133) 
(134) 
(135) 
(136) 



se 



e" = 0, 
e° = 0, 



The BRS transformations of the antighosts and B fields read 



sB, 



sc, 



Ba - iuJ^d^Ca , 

2iea^edyCa — iu^d^B, 



(137) 
(138) 
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